Generalized connected sum construction for scalar 

flat metrics 

L. Mazzieri * 
February 2, 2008 

1 Introduction and statement of the result 

In this paper we will show that the generalized connected sum construction for con- 
stant scalar curvature metrics can be extended to the zero scalar curvature case. In 
particular we want to construct solutions to the Yamabe equation on the generalized 
connected sum M = Mi ttx M2 of two compact Riemannian manifolds {Mi,gi) and 
(M2,(?2) with zero constant scalar curvature along a common (isometrically embed- 
ded) submanifold {K,gK) of codimension > 3. 

We present here two kinds of construction. The first one is the basic model and it 
works for every couple of scalar flat manifolds, but it has a drawback. In fact follow- 
ing this method we are not allowed to choose a scalar flat metric on the generalized 
connected sum, although the error can be chosen as small as we want. The second 
construction is an adjustment of the first one which enable us to get a zero scalar 
curvature metric on the final manifold, but it require the hypothesis that the starting 
Riemannian manifolds are non Ricci flat. 

In section 2-5 we present the first method. As in the nonzero scalar curvature case, 
our strategy lies in writing down a family of approximate solution metrics {ge)e£(o,i) 
(where the parameter e represents the size of the tubular neighborhood we excise 
from each manifold in order to perform the generalized connected sum) and then 

in finding out a conformal factor such that for sufficiently small e > the met- 

4 

rics = u^^'^ g^, s G (0,1), are "small" constant scalar curvature metrics. As we 
claimed before, notice that by this method it is impossible to ensure that the scalar 
curvature S = Sg^ of the metrics we obtain is exactly zero. Anyway we will show that 
S — O (e"^^) . Notice also that in order to achieve our goal we will need to scale up or 
down the initial manifolds by means of suitable homotheties, in other words we need 
to multiply the initial metrics gi and 52 by suitable positive constants; hence, what 
the submanifold {K^gx) is actually required to do is to be homothetically embedded 
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in both the initial manifolds, it is to say isometrically embedded modulo homothcties 
in Ml and M2. Let us now describe this result more precisely. 

Let (Afi,gi) and (M2,(?2) be two m-dimensional compact Riemannian manifolds 
with zero constant scalar curvature, and suppose that there exists a fc-dimensional 
Riemannian manifold {K,gK) which is isometrically embedded in each (Mi,gi), for 

1 = 1, 2, m > 3, TO — /c > 3. We also assume that the normal bundles of K in {Mi,gi) 
can be diffeomorphically identified. 

Let M^'^ = Ml tlx M2 be the generalized connected sum of (A/i, Rgi) and {M2^ Qg2) 
along K which is obtained by removing an £-tubular neighborhood of K from each 
Mi and identifying the two boundaries. 

Our main result reads : 

Theorem 1.1. Under the above assumptions, for e G (0,£o) and suitable constants 
R,Q > 0, it is possible to endow M^'^ with a family of constant scalar curvature 
metrics {(je), whose scalar curvature Sg^ is a O In addition the metric g^ is 

conformal to the metrics gi away from a fixed (small) tubular neighborhood of K in 
Mi, i = 1,2 for a conformal factor Ue which can be chosen so that 

\\ue - 1||l~(M) < Cre 

where r^ — O {e}~'^'), 7 G (0, 1) , for n — i and r,, — O (e) for n > A. 

Section 6 is devoted to the description of a special device, which works in the non 
Ricci flat case. In this case we will be able to achieve a scalar flat metric on the 
flnal manifold. The strategy lies in making a slight modiflcation of the approximate 
solution metrics away from the polyneck. If the starting manifolds are non Ricci flat, 
this construction provide us two correction terms which will be employed in the non- 
linear analysis in place of the non zero constant scalar curvature and in place of the 
homotheties in order to get a solution of the Yamabe equation with prescribed zero 
scalar curvature. 

The statement of the theorem is the following 

Theorem 1.2. Let M be the generalized connected sum of two Riemannian scalar flat 
non Ricci flat manifolds (Mi, (71) and (M2, 32) of dimension to > 3 along a common 
isometrically embedded submanifold {K,gK) of codimension at least 3. Under these 
assumptions it is possible to endow M with a family of scalar fiat metrics 

2 Geometric construction 

The geometric construction we use here is essentially the same we used in |11) . but 
in order to flx the notation it is useful to transfer it, paying attention in making 
the appropriate adjustments. Here we describe the construction in the case where 
R = Q = 1, but it still holds in the general case. Of course the isometries become 
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isometries modulo homotheties. 



Let {K, qk) be a fc-dimensional Riemannian manifold isometrically embedded in 
both the n-dimensional Riemannian manifolds (Mi, 51) and (M2,fif2), 

We assume that the isometric map i]"^ o ■ ^-liK) i-2{K) extends to a diffeomor- 
phism between the normal bundles of ti{K) in {Mi,gi), i = 1,2. We further assume 
that both the metrics gi and 92 have zero constant scalar curvature. In this section 
our aim is to perform a generalized connected sum of (Mi, 51) and {M2,g2) along 
{K, gx) and to construct on the new manifold M = M\ M2 a family of metrics 
{ge)se{o,i)j whose scalar curvature is close to zero in a suitable sense. 

For a fixed e G (0, 1), we describe the generalized connected sum construction and 
the definition of the metric g^ in local coordinates, the fact that this construction 
yields a globally defined metric will follow at once. 

Let U'' be an open set of R*', 5™-'= the (m — A;)-dimensional open ball {m — k>3). 
For i = 1,2, Fi-.U'' X B"'-'' ^WiCMi given by 

Fi{z,x) :=expf*(^) 

defines local Fermi coordinates near the coordinate patches Fi{-, 0) {U) c ii{K) c Mi. 
In these coordinates, the metric gi can be decomposed as 

gi{z, x) = gf^jjz^' ® dz^' + g%dx'^ ® dx^ + gf^dz^ ® rfa;" 

and it is well known that in this coordinate system 

9^l = ^a(} + 0{\x\') and g^ = O {\x\) 



In order to perform the identification between Wi and W2 and in order to glue the 
metrics together and define ge, we partially change the coordinate system, by setting 



X = ee 



onFf^(VFi) and 

X = ee*6 

on F2\W2), for e e (0,1), logs < t < -loge, e S"''''-^. 



Using these changes of coordinates the expressions of the two metrics gi and 32 
on U'' X A^2, where A^2 is the annulus {e^ < \x\ < 1} become respectively 



gi{z,t,9) = g^]^dz^<»dz^ 



+ u, 



(1) 



dt ® dt + g^^ldO^ ® de^ 



■ gf^dt K d9 



+ g^P dz'®dt + gf^ dz'(E)d0^ 
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and 



u 



(2) ir- 



^ dt ® dt + g'^^Ue^ 



(2) 

' gig dt K dO 



+ g^^ dz' ® dt + gf^ dz' 



where by the compact notation gtg dt k dO we indicate the general component of the 
normal metric tensor (that is, it involves dt^dt, dO^ (S)d9^ and dt^dO^ components). 



Remark that for j = 1 , 2 we have 
= 0{l) 



and 



i/it 



and 



£ 2 e 2 



We choose a cut-off function ^ : (loge, — loge) [0,1] to be a non increasing 
smooth fmiction which is identically equal to 1 in (loge, —1] and in [1, — loge) and 
we choose another cut-off function -q : (loge, — loge) [0, 1] to be a non increasing 
smooth function which is identically equal to 1 in (loge, — loge — 1] and which satisfies 
limt^_ioge?y = 0. Using these two cut-off functions, we can define a new normal 
conformal factor by 



and the metric g^ by 

9e(z,t,0) 



- {(9^^ + il-C)9if)dz^(E>dz^ 

+ ur^ [dt ^dt+ (csij + (1 - C).9fj) de^ ® de" 

+ {C9il^ + (l ~ C)9l:f) dt K 
+ (C.gi') + (1-C)5,?')dz^®dt 

dz' (g) dO^ 



de 



(1) 



(C.91a^ + (1-C)5^ 



Closer inspection of this expression shows that the metric g^ - whose definition 
can be obviously completed by setting g^ = gi and g^ = 52 out of the " polyneck" - is 
a Riemannian metric which is globally defined on the manifold M. 

Following [TT] it is immediate to obtain the estimate for the scalar curvature of 
the approximate solution metric. 
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Proposition 2.1. There exists a constant C > independent of e E (0, 1) such that 

\Sg^\<Cs-'{cht)^~- (2) 

for\t\ < |loge|-l. 

Of course, when we consider Rgi and Qg2 as initial metrics the estimate [2] still 
remains true, but the constant C depends now on the factors P and Q. 

Another useful tool we can obtain from jlll is the expression for the gr^-laplacian 
on the polyneck 



+ (n - 2) th ( '-^t ) dt + A[^1, + ur' A^^) + O {\x\) $(V, V2) 



where $(V, V^) is a nonlinear differential operator involving first order and second or- 
der partial derivatives with respect to t, 6^ and and whose coefficients are bounded 
uniformly on the "polyneck", as £ G (0, 1). 

3 Analysis of a linear operator 

Our aim is now to solve the Yamabe equation 

m + 2 

Ag^U + CmS'g^M = CmSu"--^ (3) 

where ~ — (m — 2)/4(r?T, — 1) and 5 ~ 5(e) is a suitable constant. 



Since we want to preserve the structure of the two initial metrics far away from 
the gluing locus, we are looking for a conformal factor u as close to 1 as we want. 
For these reasons it is natural to consider the change u = 1 + v and consequently the 
equation 

4 

Ag^w = c,n{S - SgJ + c„i{S - Sgjv + c„i-—-—^Sv + CmSf{v) (4) 

where f{v) = ((1 + 1;)^ - 1 - 2i±|^) . 

Since the first eigenvalue /i^ of the operator Ag^ is a ©(e"^^), it is not easy 
to provide a good estimate for the inverse of the laplacian dealing directly with the 
equation above. It is better, on the other hand, to consider the following problem 

Ag.« = F,iv) - X{e,v)P, (5) 

where /3e = cixi — C2X2, with ci,C2 > and XI7X2 smooth monotone cut-off defined 

by 




1 on Ml \ 

1 on {loge <t< loge -I- a} 

on {loge -|-a + l<t<0} 

otherwise 
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X2 



on Kh \ T| 

on {— loge + «<<<— loge} 
on {0 < < < - loge - a - 1} 
otherwise 



is such that (3^ dvolg^ = and /3j^ dvolg^ and we can think of it as an approx- 
imation of the first eigenvector of Ag^ . In this problem we are looking for a function 
V and an approximate first eigenvalue X{s,v) such that the equation O is verified. 

Once this problem will be solved, we will show that, by scaling the initial metrics 
gi and 52, the constant A(£, v) can be chosen to be zero, providing a solution of the 
equation |4l 

By linearizing the equation [5] we are induced to consider the linear problem 

Ag^u = f-X/3, (6) 

where / is an assigned function such that Jj^^ f dvolg^ ~ and we are looking for a 
suitable constant A and a solution u which, up to a constant, can be chosen such that 

Jj^jUdVOlg^ = 0. 

In order to choose a good functional setting for this linear problem, let us recall 
the following result from [11] 

Proposition 3.1. Given 7 G (0,7i — 2), there exist a real number a — a{n,j) > 
and a constant C'n.-y > such that for all e € (0, e~") and all v, f (£ C'^(T^) satisfying 
Ag^v — f, the following estimate holds 

sup|V>| < C„,J sup|^2+V| + sup|V2H 1 (7) 

where Tp := {loge + p < t < — loge — p}, for p > and the weight ip^ interpolate 
smoothly between these definitions in Tq \ 

Having this result it becomes quite natural to consider functions / € C°(A/) such 
that ll/IIco f^-) = supjv^ |^£~''^/| < +00 and looking for solutions u G C'^{AI) such 
that ||u||co(M) = supjvf iV'Jul < +00. 

As a first step towards the solution of the problem [6] we will proof the following 

Lemma 3.2. Given a function f G C°(M) such that j^,^ f dvolg^ — and \\f\\c'> ^^(m) < 
-\-oo it is possible to find a real number \, an approximate solution u G C'^{M) such 
that Jj^j udvolg^ = and \\u\\qo(^m) < +00 ^.i^'d an error term R G C°(M) such that 
Jj^j Rdvolg^ — and ||^||co^2(*^) ^^^^ verify 

Ag^u = f-Xl3, + R 
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Moreover there exist positive constants A, B,C > such that the following estimates 
yield for every 7 e (0, n — 2) 

||i?||co^^(M) < ^c("-2)"£"-2||/||co^^(M) (8) 
McOiM) < S||/||c»^,(A/) (9) 
|A| < C||/||co^^(M) (10) 

The proof of the lemma consists in building an approximate solution u and in 
estimating the error term. In order to do that let us consider a non negative smooth 
function xp such that the triple {xi, XPj X2} is a partition of the unity. We can write 

/ = /Xi + fXP + fX2 = fi + fp + f2 

As a first step we want to build a good approximate solution on the polyneck. It is 
well known that the problem 

Ag^v = fp onT- 
u = on dT^ 

admits a solution and we call it up. Moreover, if fp is continuous, so does up and 
thanks to the Lemma 13.11 if we choose a large enough, we have that the following 
estimate yields 

\\up\\c°{T-) < Cp \\fp\\c°^^{Tg) 

for some positive constant Cp > 0. Notice that the boundary condition allows us to 
drop out the term ||wp||co(aT5) in the above estimate. 

Let us define up :— xpup, as a consequence we have that 

Ag^Up = Ag^Up ~ Ag^{l - XP)UP 

= fp - Ag^ iXlUp) - Ag^ (X2WP) 

= /P - 91 - 92 



where qi = Ag^{xiUp), i = 1,2. 

Let us call fi := fi + qi, i = 1,2 and / :— fi + f2- Since Jj^j f dvolg^ — 0, it is easy 
to check that also /^^ f dvolg^ = 0. Hence /^^ /i dvolg^ = — j^j f2 dvolg^. 

Let us define hi := fi + {—lyXciXi for i — 1,2 and h := hi + h2 = f — Xfie- 
Obviously we have that /^^ h dvolg^ = and /^^ hi dvolg^ = — /^^ /i2 dvolg^ . 

Moreover 

/ hidvolg^- h2dvolg^^ / fi-f2dvolg^-X cixi + C2X2 dwoZg^ 
Jm Jm Jm Jm 
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Hence, by setting 



A := 



/m^iXi +C2X2 '^volg 



it follows at once that hi dvolg^ = 0, i = 1, 2. 

As a second step wc want now to construct approximate solutions on the pieces 
of M coming from Mi and M2. For this purpose, let us consider, for i = 1,2, the 
functions Ui verifying 

Ag.Uj = hi - biSx 
where bi = Cn,K Jm dt^oZg^ and Cn,K is a suitable constant. 

It is rather simple to describe how this functions approximately look like, in fact 
we can write (notice that the following remarks still hold for i = 2) 



Ag^ui = hi 



1 



^ [ hi dvolg^ - ^ I hi dvolg^ - biSx 
^1 Jm ^1 Jm 



we can now consider the split ui = ui + ui where 

Ag.ui = hi -~ ^ Jj^hidvolg 
< 

= v^Im^^ dwoZgi - biSK 

we can think of ui as the "finite part" and of ui as the "pure Green function part" 
of Ui . In particular iii has the following shape: 

til = nn,K f hidvolg,{\x\^-'' + 0{\x\^-")) 

Jm 

= ^n,K I hi{dvolg, - dvolg^) + O 

Jm 



since hi dvolg^ = 0. For the gradient Vui the expression is 

Vwi = rin^K [ hi{dvolg,~ dvolg^){{n-2)\x\^-'' + 0{\x\^-")) 
Jm 

because V|a;p-" = V(£2-"e("-2)*) = ^^-"(^ _ 2)e("-2)* = (n - 2)|a;p-". 

In order to glue together ui and U2, we will use the following smooth and monotone 
cut-off functions 



h = < 



' 1 onMi\T§ 

1 on {loge <t < log£ + a + 1} 

on {log£ + a + 2 < i < 0} 

, otherwise 
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h = < 



( 1 onM2\T^ 

1 on {— log£ — a — 1 < f < — loge} 

on {0 < i < -loge-a-2} 

, otherwise 



Now we can define the approximate solution u as 

U = Up + (piUi + (j)2U2 



and we can calculate 



= Ag^Up + Ag^ + Ag^ {(l)2U2) 

= fp - 91 - 92 

+ Mh2 - biSx) + (Ag,02)w2 + 9e{'^(t>2, Vwa) 

= /-A/3e 

+ (Ag^(/)i)ui +5e(V(/'i,V{(i) 

+ (Ag^?!>2)W2+5e(V(A2,Vti2) 



At this point it is quite natural to define Ei := (Ag^(^j){tj +gg{y(f)i, Vui), i = 1,2 and 
R:= E1+E2, so that 



Ag^W 



f-Xpe+R 



We can now proceed with the estimate of R. Without loss of generality, let us look for 
example at the error term Ei. Since supp(Ag^0i) and suppCVi/*!) are both included 
in [loge + a + 1, loge + a + 2], the term Ei is supported here as well. 



It follows from a straightforward computation that 



Jm 



hi{dvolg^ — dvolg^) 



< C^°^ e"T £"-2 I 



for some constant C^°^ > 0. 



According to the splitting of ui we have that 

Ml = Ml + Ml Vui = Vui + Vui 

and by remembering the expressions found for ui and Vui it is easy to see that 
both these terms are O (^e*^"~^+'''^") on the support of Ei, hence, for sufficiently large 
a > it is clear that \ui\ < A^^^\ui\ and |Vui| < A^^^jVwil, for suitable constants 
>0. 
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Now we are ready to estimate on the interval [log e + a+1, log e + a + 2] the term 



hi( dvol„ — dvoL 



< A(3)|2;|-("-2-7)ea7 

< A(4)e("-2)a£n-2||j||^^ 



^ll/llc° ,(M) 



Analogously 



Hence 



\2-n 



Since the same estimate holds for E2, we conclude that, for a suitable constant ^ > 



\R\ 



C?+2(A/) 



< Ae( 



71 — 2) a ^71 — 2 I 



In order to obtain the estimate [51 let us recall that u = up + (fiiui + (t>2U2 and 
that, for a > large enough, ||Mp||co(T^) = IIxp"p||co(t») < -S^"' II/pIIco+^Ct^)- 

On the other hand, on the support of we have that 



M 



\C"{M)\X 



2— n+7 



< i3(^)e("-2)"e^||/||co^^(M) 
Hence, it is clear that there exists a constant B > such that: 

\\u\\co(M} < B\\f\\ca^_^t^M) 

Finally, by remembering the expression for A it follows from a straightforward 
computation that, for large enough C > 0, 



|A| < C||/||co^^(M) 



and the lemma is proved. 



The idea is to solve the equation [S] by means of a sequence method. We start 
by setting /^'^^ :— f and thanks to the lemma \J7^ we obtain a triple {X^°\u<^°\ R'^°^) 
verifying the equation 

and the estimates |51 [HI [IHl Now we set /*^^) := — i?^'^^ and we find another triple 
(A(^\ M^^^ i?^^^) with the same properties of the first one and so on. In general, for 
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every j G N, we have /^■'^ := — i?^^ and a triple {\^^\u^^\ R^^'') verifying the 
equation 

Ag^u^^^ = /(^'^ - A(-'')/3e + (11) 
and the estimates HI El [IHl 

By taking the sum of the equations [TT] we have that, for every N E N 

3=0 J j=0 \]=Q J j=0 

= |^E^^''j/3,+i?w 

In other words 

where := Ef=o ^'''^ and ^^f^) := Ef=o A^^^. 

Notice that from the estimate of the lemma 13.21 it follows easily that 

< (^e(n-2)a^„-2y || / || ^^^^^^^^ 

< i?(Ae("-^)"£"-^)-'||/||co^^(,,) 

< c(Ae("-2)"£"-2y ii^ii^^^^^^^^ 

Now it is clear that, for sufficiently small e > 0, there exist A G R and a continuous 
function u such that 

IMlcO 



Moreover there exist positive constants B' ,C' > such that 

McOiM) < S'll/llcO+,(M) |A| < C"||/||cO^^(M) 

11 



Hence 

IMIcO 

' — > u 

On the other hand we have that, for every N E N and for every (j> € C°°(M) 

J M 

Hence, by taking the hmit for N — > +00 we find the expression 
/ ul\g^4>dvolg^ = I if - X(3e)4"ivolg^ 

JM JM 

for every 4> G C°°(A/). It is to say that Ag^u — / — A/3e in the sense of the distributions. 

Thanks to the elhptic regularity (see for example [2], [4]) if we suppose that 
/ G C°°(M), then so does u and the expression above is a pointwise identity. 

To conclude this section we summarize our results in the following 

Proposition 3.3. Given a function f G C°(M) such that Jj^ f dvolg^ = and 
ll/llc°^2(M) < 'it is possible to find a real number X and a function u G C°(M) 

with Jj^udvolg^ = and \\u\\co(m) < +00 verifying 

AgU = f^X/3, 

in the sense of the distributions and the following estimates 

II"I|C0(M) < S'll/llc^;,+,(Af) (12) 

|A| < C"||/||co^^(M) (13) 

for suitable constants B' ,C' > 0. 

Moreover, if f (z C°°{M), then u G C°°{M) and the identity above holds pointwise. 

4 Fixed point argument 

The aim of this section is to solve the problem O 

/\gv = F,{v)-X{e,v)P, 

We will be able to do that by means of the results of the previous section and of a 
contracting mapping argument. 

Before starting, let us remark that in the expression for F^^v) (see equation^ it is 
always possible to choose S = S{e, v) in such a way that dvolg^ = 0. Moreover, 
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by using the scalar curvature estimate Sg^ — O (e" "^Ix]^ ") found in [TT] it will be 
easy to see that S = O (e"~^) . 

Now, for every cr > let us define the space 

dvolg^ = and ||/i||c2(Af) < +0° 



C^JM) := |/ieC°(A/) : ^ h 
where ||/i||co(a/) sup^j \i^ef^\- 



Let us define also the maps 

: C°(M) C%,{M) 

V ^ F,{v) - X{e,v)P, 

A-i : C!;+2(M) C!;(M) 

w I — > A'r"'^ii? 

: C°(M) C°(M) 

Let us start with the following lemma 
Lemma 4.1. For 7 G (0, 1) anrf /or sufficiently small e > there exists a radius 

> such that P, (S^J C S^^, w/iere B'^^ := |m G CO(Af) : ||w||co(m) < ?-e}- 
other words: 

\\v\\co(M)<re =^ m{v)\\coiM)<r, (14) 

In order to prove the statement we observe that from the estimate [T^] of the 
proposition 13. 31 we obtain immediately the inequality 

\\Peiv)\\cO(M) < D\\Feiv)\\cO^^^M) 

for large enough D > 0. 

Now we have to estimate the term 

+ CrnlSire'-M+CmlSgJi^M + ^^^M 
+ C,n\S\\fiv)\^P] 



+ I?(3)£"-V, + i?(4) + e]r, + D(5)e"-V, 
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for suitable constants 



If n = 3, then e 



ji-2 



£ >> 2^+''', when e > is smaU. Hence D{7)S" ^ 



Drg\e^^'' < Dii2)e, so if we define := 2DDii2)e we obtain DiQ\e''^ ^ + Diims 



iii)e 



< -D(i3)£ + £'(ii)e2Z3Z?(i2)e < 1/2-D, for smaU enough e > and that 



D 

guarantees D\\F^{v)\\co_^^(^m) 

If n > 4, then e"^^ << e^^"' (since 7 G (0,1)), when e > is smah. Hence 
I?(7)£"~2 + D^s)£^+^ < ^(12)£^+'^, so if we define r, 



— 2D D (^1^)6^'^^ we obtain 

/^(g)^"-^ ^ + D(ii)e"-2re < i:»(i5)£ + I?(n)£2i:>i:)(i4)ei+'^ < l/2i:>, for smaU 



enough e > and that still guarantees D\\Fs{v) 



In both the cases the lemma is proved. 



lc°+2(M) 



At this point our purpose is to prove the convergence of the sequence ■= Pi (0) 
with respect to the norm |H|co(m)- Towards this aim we need to provide an estimate 
of ll-Pe(u) — Pe{'v)\\co(M) in terms of ||m — i'||co(m)) where u,v G B^^; in fact, since 
G , all the terms of the sequence lie in B'^^ , because of the lemma 14.11 

Since Ag^ {Pe{u) — Ps{v)) ~ Hs{u) — H^{v) we have immediately that 

m{u) ~ P,iv)\\coiM) < C'\\H,iu) - H,iv)\\co^^^M) 

= C'\\F,iu) - F,{v) - {\(e,u) - \{e,v)) Pe\\co^^(M) 

On the other hand it is easy to check that the mapping / 1 — > A/, where / and 
X = \f are those of the proposition 13. 3[ is a linear mapping, therefore 



A(e, u) - X{e,v) =: \f^(u) - ^f,(v) = Xf^(u)-f^(v) 
Hence, thanks to the estimate [TUl we obtain 

\\P,{u) - PMWco^M) < C"\mu) - F,{v)\\co^^^M) 

Since the function / that appears in the definition of F^{v) verifies the following 
inequality 

\f{u)-f{v)\ < [a{\u\ + \v\) + b(\u\^ -\v\^)]\u~v\ 

for suitable constants A,B>0, we can proceed to the estimate of the term F^{u) — 
F^{v): 7 G (0, 1/2) is a sufficient condition to ensure that 



Crn\S\\u - v\ + Crn\SgJ\u - v\ + 



\S\ 



+ ^]+^c„,\S\[a{\u\ + \v\) + b{\u\- 
< C'"e\\u-v\\co^M) 



m — 1 



\u — v\ 



C""s'' ^ (||u||co(M) + ll^'llco(Af)) \\u - v\\co(^M) 



C""'e'' 
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Hence, for u,v £ B^^ and small enough e > we get the inequality 

\\Peiu) - Peiv)\\co(M) < C'e||u - w||co(m) 

Now, for integers p < q we have that 

1 

< {CerY.(^ey\\v'-v%o^M) 



Hence the sequence {v^ ) is a Cauchy sequence and it must converge to a continuous 
function S which is the fixed point we were looking for i. e. 

PeiVe) = V, (15) 

In other words 

Ag^ve = F,{v,) - Xf,^,^)P, (16) 

By means of a classical boot strap argument it is easy to see that is actually a 
smooth function. 

5 The approximate eigenvalue A^^(„^) 

In this section we want to study the sign of the approximate eigenvalue Xp^i^^^y In 
particular our purpose is to show that by moving the initial metrics (more precisely 
by scaling up or down gi and (72) the approximate eigenvalue becomes positive or 
negative, hence there exist suitable constants R,Q > such that the construction 
starting by Rgi and Qg2 as initial metrics has zero approximate eigenvalue. There- 
fore, in this case, is a solution of the problem 3) 

Since an explicit expression of Xf^{vc} in terms of the initial metrics is not available, 
we have to handle with its approximations, taking care in estimating the errors. 
Thanks to the proposition 13.31 we can think of Xpciv^) s-s obtained by a sequence 
method, exactly like the real number A of the mentioned proposition. Therefore it is 
possible to find a sequence AV! / such that 

00 

and such that the following estimate holds: 

< C [Ae^^-'^'^s-^y WFMWco^^iM) 
for suitable constants A,C > 0. 



ij) 
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Now, for sufficiently small e > it is quite easy to estimate the difference 



X 



(0) 



< c 



-f-oo 



\Fe{Vs)\\c«^^(M) 



< Se("-2)«e"-2||F,(z;,)||co^^(M) 
where i? > is a suitable constant. 



At the moment we have obtained that 



(0) 



Following the proof of the proposition 13.31 we can write down the expression for 



(0) 

F4v.) 



it is to say: 



AO) 



Im ClXl + C2X2 dvolg^ 



where F^{v^)- = XiFs{ve) + (Xi'"p)j for * = 1,2 and where Up is the solution of 
the problem 



It is convenient to write 



A' 



(0) 

Fe{Ve) 



on dT^, 



FeiVe)Xl - FeiVe)X2 dvolg 



/mCiXI +C2X2dvolg^ JM 

7 — -I — 1— [ ^g. ixiup) - Ag^ {x2Up) dvolg 

Jm ^iXi + ^2X2 dvolg^ Jm 



(17) 



Concerning the first summand, it is sufficient to remember the estimate of the 
scalar curvature contained in the proposition 12 . 1 1 to conclude that 



/ F,{Ve)Xl-Fe{Ve)X2dvolg^ = O {s" 
JM 



Concerning the second summand, it is useful to consider, for i = 1,2 the split 
^g, (XiUp) = Xi (^se'"p) + 9e (Vxi, Vu'p) + u^p (Ag^Xi)- Obviously, we have that: 



/ Xti^.u'p) dVOlg^ = 

Jm Jiioi 



{loge+Q<t<loge+a+l} 

O fe-"£"-2) 



XlXpFe{Ve)dvolg^ 
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and, using the Green formula, we can get now 

/ 'Upi^g.Xi) dvolg^ + g,{\'xi,^up) dvolg^ = / u^p (Ag^Xi) d-volg^ 
Jm Jm Jt^ 

+ / '^Xi{up)dvolg^ 
Jt; 

Updt{xi)dvok.g^ 



where l : dT^ —> M is the natural embedding. 

Hence the second summand in[T7]is a O (e~"e"~^). 

Now, by performing the right choice of a = a{s) we will be able to show that 
the sign of the approximate eigenvalue is determined by the sign of A^^^^ ^ and, in 
particular, by the term 



1 



Fe{ve)xi - Fe{Ve)X2 dvolg 



/a/ cixi + C2X2 dwo/g^ JM 
If we set, for example a = — loge/2(n — 2), we get immediately 

1 



■/ AgSxin'p)-AgM2u'p)dvolg^ = 
Jm ^ 



/2(n-2) 



Jm^^XI+ C2X2dvolg^ JM 

Hence, for small e > the leading term is the one we wished. 

More precisely, if we look at the expression for F^{v^), it is clear that, when e is 
close to zero, the sign of the approximate eigenvalue is determined by the term 

[S - Sg, ) Xl dvolg, {S - Sg^ )X2 dv Ol g ^ 

M Jm 

At this moment we want to replace for instance the initial metric gi by its homo- 
thetic Rgi and to show that for sufhciently large R > the sign of the expression 
above is determined. 

If we indicate by {■)^ the geometric quantities obtained in this case, we find the 
expansions 

i?^ dvolg, + Ri+'^O (e"e"2t) dtdd^ . . . dr^Mz^ . . . dz'= 
dvolg, + R'^O (e"e2*) dtdO^ . ..d9'"-^dz^ ...dz'' 



Xl 


dwo^f 


X2 


dvolf 











R—O 
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Moreover, by imposing that F^{v^) dvol^^ = we have that 



Jm 1 + (l + ^J^) + /(^?) 
Therefore, for suitable constants C\ , C2 

JM 

and 

Jm 

Notice that Ci and C2 have the same sign, it is to say the sign of both the terms 
Im ~ ^ge)Xi dvolg^ and - Sgjx2 dvolg^. Hence, for large enough R> the 
sign of the approximate eigenvalue is determined. 

Obviously, if wc make the same computation for the metric Qg2 instead of g2, 
we have that, for large enough Q > 0, the sign of the approximate eigenvalue is the 
opposite of the one we found by scaling the metric gi. 

Hence, if we look at the approximate eigenvalue as a continuous function Ai?^(i,^) = 
^Fsivs){Pj Q) depending on the positive factors P and Q, we have seen that there exist 
P and Q such that Ajr^(^^)(-P, 1) and \p^(^y^){l,Q) have opposite sign. 

At this point we can deduce that there exist positive real numbers Pq and Qo such 
that }^Fe{ve){Po, Qo) = and this is what we wished. 



/ Sl{l + v^)dvoll 
Jm 



6 The non Ricci-flat case 

As we claimed in section 1, when both the initial metrics are scalar flat but non 
Ricci flat it is possible to construct a zero scalar curvature metric on the generalized 
connected sum. The idea consists in doing a slight modification of the approximate 
solution metric ge away from the gluing locus. By means of this modification it is pos- 
sible to obtain the vanishing of the term Jj^ F^{v) dvolg^ without using the nonzero 
constant scalar curvature S = S{e, v) and it is also possible to show that up to care- 
fully choose the size of the adjustment, the approximate eigenvalue XFi:{ve) zero. 

Let us describe the construction. Instead of the metric; let us consider the new 
approximate solution metric "g^ir, s) — + rhi + s/12, where hi and /12 are positive 
definite symmetric tensors supported respectively on the manifolds Mi and M2 away 
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from the polyneck, and r and s are real numbers. Hence the equation we are induced 
to solve is the following 

Ag^v = ^r(«,r,s)-A7^(„^,^,)/3e (18) 

where Fg{v) — — c„S'g^(l + v). Notice that by defining i^e that way we have auto- 
matically imposed that the final scalar curvature which we are going to achieve is zero. 

As in the previous case, we will obtain the solution of the problem by means of 
a fixed point argument lying on a sequence method. Concerning the linear analysis, 
notice that the construction above allows us to use all the results we have already 
obtained, hence let us focus on the nonlinear analysis. 

Since the condition j^_^F^{v,r,s)dvolg^ — has to be verified, we have that 
r,s ^ O (£"-2) and so it is easy to obtain a result analogous to the lemma 14.11 
for the map (with obvious notation), with the same estimate for the radius r^. 

It is also immediate to prove that for sufficiently small e > the map is a 
contraction and more precisely 

\\K{u) -P;{v)\\co(M) < Ce\\u-v\\co^M) (19) 

for a suitable constant C > 0. In particular the sequence defined by Vj :— Pi{0) 
converges with respect to the norm ||-||co(m) to a function Vg. 

It remains to check that the operator P^ is actually well defined. In particular we 
require that J^^ i^£(w, s) dvolg^ = 0. 

Before starting the calculation let us make some remarks concerning the scalar 
curvature of the metric gj", in order to get more information about F^. Since the 
supports of Sg^, hi, /i2 are disjoint, we can write 

^]j7 ~^ ^ gi-\-rhi S g2+sh2 

+ Sg,+rKi + 0{r^) 

+ Sg, + sK2 + O (s2) 

= Sg^ + rKi + O (r^) + sIU + O (s^) 

where, following [3] 

= Ag.{tTg.hi) + 5g^(5g^hi) + gi{RiCg^,hi) 

for i — 1,2. In the notation above 6g- indicate the divergence of a symmetric tensor 
with respect to the metric gi , and Ric^. is the Ricci tensor of the metric gi . 
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When we integrate we obtain 



Ki dvolg^ = Ki dvolg. 

M J Mi 

gi{RiCg.,hi)dvolg^ 



J 

J Mi 



because of the divergence theorem. Notice that in the Ricci flat case the integral 
above is zero and there is no chance to correct the term J^^ Sg^ {^+'^) dvolg^ in order 
to get the condition Fs{v, r, s) dvolg^ = 0. 

Let us define the map Ggj (r, s) as follows: 

~ / Sg^{l + Vj)dvolg^ 
Jm 

Sg,+rhA'^+^'j)^VOlg, 

Ml 



+ / Sg2+sh2{^+1>j) dvolg 



Sg^ dvolg_ + r Ki dvolg-^ + s K2 dvolg^ 
M ' JMi Jm2 

+ E['\r,s)+Ei'\r,s) 



where 



e[-'^ = / Sg^Vj dvolg^ + r / KiVj dvolg^ + s / K2Vj dvol 
JM Jmi Jm2 

Ei'^ = / Sg,+rh, (1 + Vj) dvolg, -r [ i^i (1 + Vj) 

J Ml J Ml 

+ / Sg2+sh2{^ + Vj)dvolg2 - s K2{l + Vj)dvol 

J Mn J M2 



dvolg. 



IM2 J M2 

at this point our purpose is to describe the set where Gs,j {r, s) is zero. 

Towards this aim let us consider the map Hs{r,s) := Gsj{r,s) — E'f \r,s) — 
E2\r, s). In order to simplify the calculus we can suppose that the symmetric ten- 
sors hi and /i2 are so chosen that fj^^ Ki dvolg, = Jj^^ K2dvolg^ = 1. We can also 
assume Sg_ dvolg_ < (if it is not the case, we can conclude by means of obvi- 
ous modifications) and since Jj^ Sg^ dvolg^ = O (e"~^) we can set, up to normalize, 
/m "^ffs dvolg^ = — £"~^. The expression for becomes then the following 

H,{r,s) = -£"-2 + r + s 

The set where vanishes is given by {(r, s) G | r + s = Wc will show 

that the set where G^j vanishes is uniformly close to the set {H^ = 0} with respect 
to j. 
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As we have already seen, there exists positive constant A> such that for every 

i eN 

\vj\ < A£("-2)+i when n = 3 
\vj\ < A£("-2)+(i+t) when n>4 

Moreover, since r,s = O (e""^) it is easy to see that there exist positive constants 
Bi, B2 such that for every j € N 

e['\ < when n = 3 

< Si£("-2)+(i+'y) when n > 4 



0)i 



< B2e2("-2) 



In particular, for an arbitrarily small fixed constant c > and sufficiently small £ > 
we have that 

\E[''>\ < (c/2)£"-2 

\Ei'^\ < (c/2)£"-2 



At this point it is immediate to see that for every j G 



{Ge,,(r,s)=0} = {(r,s)eR^ 
C {(r,s)eR^ 



r + s = s 



n-2 



0)/ 



(1 - c)£"-' < r + s < (1 + c)£"-'} 



If we set now r^' := £" /2 for every j £ N, it must exists a real number Sq 



0) 



such that (£"-2, s^Q^') G and ^^,^(£"-72, s^^O = 0- 

Obviously are smooth functions with respect to the variables r and s and in 
particular it is quite easy to get the following uniform estimate for the first and the 
second partial derivatives at the origin. 



n-2 /o ^0)^ _ 



dG, 



dr 



(0,0) 



< 



f dS{gi + rhi) 

J Ml 



I Ml 

< ||l + ^^j||co(M) 

dS{gi+rhi) 



dvol 



(0,0) 



g-L 



dVOln 



< 2 



Ml 



dr 



(0,0) 



Avol 



91 



-(0,0) 



< 



< 2 



92^(31 +r/n) 



Ml 



/ 

JMi 



Qj.2 



(0,0) • (1 + ^;,-) 



dvoL 



Q^2 



(0,0) 



for every j G N. Notice that the same estimates hold for the partial derivatives in s 
and that the terms %j^(0,0) and ^^q^ (0, 0) are zero. 
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Concerning the mociulns of the first partial derivative at the origin, we are also 
able to provide a uniform lower bound, in fact 



dG. 



dr 



(0,0) 



> 



> 



> 



J Ml 

/ Kidvolg^ - I 

J Ml Ja 

j 



K\ dvolq 



Kx\\vj\dvolg^ 

Ki I dvolg^ 



Ml 

VjWcoiM) 



Ml 



Ki dvolg^ 



Ml 



> for sufficiently small £ > 

dG 

for every j € N. Of course, the same is true for — gf^(0, 0). 

Now, arguing by contradiction and using these estimate it is possible to deduce 

that there exists a positive constant C > and a positive real number i? > such that 



both the first partial derivatives 
for every j G N. 



dGe 



dr 



and 



dOe 



dr 



are greater than C in Br ((0, 0)), 



Up to choose £ sufficiently small, we have that the set Z^r\{r, s > 0} lies in the ball 
of radius R centered at the origin, hence it is possible to apply the implicit function 



theorem to the functions Gsj around the points (£" '^/2, s^ ''), so that we obtain, for 



every j, an open neighborhood U^^^ of Tq , an open neighborhood V^^^ of Sq and a 
smooth function fj : U^^^ — > V^^^ such that Gsj{r, fj{r)) = for every r e U^^h 

Since it is possible to extend each implicit function fj to the interval (0, (1 — 
c)£"~^), we can suppose that there exists an open neighborhood U of £"^^/2 and an 
open neighborhood V of every Sq^ such that it is possible to choose f/^-'^ = U and 
= V for every j GN. 

Let us fucus now on the family of functions {/j}jeN- Since each fj is a uniformly 
continuous function, we can extend them to the compact set [/, so that we have to 
handle now a family of functions fj : U — > V defined on a compact set and all 
bounded by the same constant (1 + c)£"~^. 



At this point our aim is to show that the /j's admit the same Lipschitz's constant. 
First remember that 



Mr) 



I Sg^dvolg^-r + Ei=\r)+Ei^\r) 
Jm 
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and consequently, for r,r' E U 



-/,(/)! < \r-r'\ 



< \r-r'\ 

\Ki\dvolg,\\vj\\c«{M)\r ~ r\ 



nil 

\K2\dvolgJvj\\c«{M) \fjir) - fj{r')\ 
+ Cie"-2|r - r'l + Cae"-^ |/,(r) - /,(r')| 



for suitable Ci,C2 > 0. Now, for n = 3, we have that ||wj||c"(Af) < De^ ^, whereas, 
for n > 4, lli'jllco(Af) < De, so it is easy to deduce that 



|/.(r) -/,(/)! < Y 



when n = 3, and 



\r — r 



\Mr)-fj{r')\ < 



n-2 



1 + L»ie + Cie 



r — r 



when n > 4, where Di — D Jj^j \Ki \ dvolg-, i = 1,2. 

Thanks to the Ascoli - Arzela theorem and up to consider subsequence, the /j 's 
converges with respect to the norm ||-|lco((7) to a continuous function /. 

Notice that in order to get a solution for the equation [18] we could have picked a 
point f £ U and deduced immediately the convergence, up to subsequences, of the 
/j(r)'s to a point s, but in the following we want to use the parameter r to kill the 
term A— ^ ^^^-j-j and the continuity of / will be crucial. 

We are now ready to discuss the sign of the term A— r f(r)) which appears in 
the identity 



At;-?;, 



As we have already seen, the sign of the approximate eigenvalue for small e > is 
determined by the sign of its part of order e"~^, it is to say that if this one is strictly 
positive or negative, so does A-p^^^^ ^ f{r))' Hence our task is to show that the sign of 

/ S'g^xi dwo^g^ - / Sg^X2<^volg^ +r / Kidvolg^ - f{r) / K2dvolg.^ 

JM JM J Ml 

becomes positive or negative if we move r G U. Then, thanks to the continuity of / we 
deduce the existence of a real number r in correspondence of which the approximate 
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eigenvalue vanishes. 



Since there exists a constant C > such that 



Sg.Xl dfo^g 



M 



Sg,X2 dvolg 



M 



and since it is always possible to choose r either in a region of U where /(r) > r or 
in a region where /(r) < r, it is clear that our goal is achieved if we impose that 



Ki dvoL 



Ml 



K2 dvolq 



Mo 



> 



and we are always allowed to do that. 
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